Abstract Let S n be the n-sphere. It is well known that π n (S n ) = Z, and if n is even, π 2n−1 (S n ) = Z ⊕ G, where Z is the infinite cyclic group and G a finite abelian group. This allows us to associate an integer to any continuous map f : S n → S n , its Brouwer degree B( f ), and to any continuous map g : S 2n−1 → S n for even n its Hopf degree h(g). The purpose of this paper is to define Brouwer and Hopf degree for polynomial maps on spheres over a field of characteristic zero.
Introduction
If we take f : S n → S n smooth and use de Rham differential forms and de Rham cohomology, the induced map f * in H n (S n ) is multiplication by the Brouwer degree B( f ). Also, if we choose the usual n-form α n , representing the positive orientation on S n whose integral over the sphere is one, then the Hopf degree h(g) of a smooth map g : S 2n−1 → S n is given by the formula
where dβ n−1 = g * (α n ), and [−] means a cohomology class.
Recall that a polynomial map p = ( p 0 , . . . , p n ) : S m → S n is called a form of degree k if each polynomial p 0 , . . . , p n over the reals R is homogeneous of degree k. The result presented in [9, Theorem 1] states: If n is odd then the element of the infinite cyclic group π n (S n ) corresponding to the integer k can be represented by a form of degree |k| mapping S n to S n . Further, the well-known Hopf maps S 3 → S 2 , S 7 → S 4 and S 15 → S 8 are given by forms of degree 2. In particular, elements of the infinite cyclic group π 3 (S 2 ) are represented by forms.
If C is the field of complex numbers, then the complex n-sphere
has the homotopy type of S n as diffeomorphic to the tangent bundle T S n and by [10, Theorem 2] : Every element in π n (S n ) can be represented by a complex polynomial map of S n (C) for all positive integers n. This inspires us to present the notions above in a more algebraic setting. We replace the reals R by a field F of characteristic zero; the algebra of smooth functions C ∞ (B n ) on the n-ball B n , by a commutative F-algebra A such that F[X 1 , . . . , X n ] ⊆ A; the C ∞ (B n )-free module 1 (B n ) of smooth 1-forms on B n , by an A-free module 1 (A) together with an F-linear map d : A → 1 (A) such that d(ab) = adb + bda for all a, b ∈ A and with d X 1 , . . . , d X n being a basis. Finally, the algebra of real smooth functions
. In the second section, we give several examples and show in particular that
is an isomorphism. We associate the "de Rham cohomology" to B and give sufficient conditions so that H k (B) = 0 for k = 0, n and both H 0 (B) and H n (B) are isomorphic to F.
Then, we define the Brouwer degree B( p) of a polynomial map p : S n (F) → S n (F), and prove that B( p) is an integer.
The third section imitates the classical case to define a Hopf degree h(q) for any polynomial map q : S 2n−1 (F) → S n (F) for even n and then we show that h(q) is an integer.
Brouwer degree
Let F be a field of characteristic zero and A a commutative F-algebra such that the polynomial ring F[X 1 , . . . , X n ] ⊆ A. Assume that there is also given an A-free module 1 (A), together with an F-linear map d : A → 1 (A) such that d(ab) = adb + bda for a, b ∈ A and with d X 1 , . . . , d X n being a basis of 1 (A).
Given a ∈ A, define
that d can be extended to a differential on the exterior powers k (A) of 1 (A) for k ≥ 1.
For the field of reals R, take A = C ∞ (R n ), the ring of smooth functions on R n or A = C ∞ (B n ), the ring of smooth functions on the n-ball B n and 1 (A) the module of smooth 1-forms on R n or B n respectively and d the exterior derivative. 
over F. However, for the ring A of regular functions on F n , the ring B = A[X 0 ]/( n j=0 X 2 j − 1) coincides with regular functions on S n (F). Now, write C ∞ (S n ) for the ring of smooth functions on the n-sphere S n . Because of the inclusions
lead to monomorphisms
with a factorisation where the ideal
is smooth then f is smooth as well. 
To show an existence, given a smooth f : S n → R, we define:
and it is obvious that f 0 and f 1 are smooth in the interior of B n . It remains to show that f 1 extend continuously to the frontier of B n and both f 0 and f 1 are also smooth on this frontier. Now, in view of Tubular Neighborhood Theorem [7, Chapter 4, Theorem 5.1], f : S n → R extends to a smooth functionf : R n+1 → R. Next, denote by R + the set of nonnegative reals and define g :
Becauseg is smooth, Lemma 2.2 yields that g is smooth as well. Then,
Next, define a smooth functionh :
It is clear that the functionh :
is smooth and
. . , x n ) ∈ B n , we deduce that the function f 1 is smooth and the proof is complete.
Because B n is compact, by means of the smooth Tietze-Urysohn extension theorem, the restriction map
is an epimorphism; we conclude:
Corollary 2.4 The restriction maps C
and an epimorphism
with a factorisation
Let now 1 (B) = 1 (A) ⊗ A B be the B-module which, as an A-module, is free with the basis
and the obvious B-module structure, using the relations 
Lemma 2.5 The B-module n (B) is free and generated by
for some α i ∈ B with i = 1, . . . , n. Thus,
Finally, suppose (a + bX 0 )ω n = 0 with a, b ∈ A. Then,
and so a = b = 0.
Write H k (A), (resp. H k (B)) for the cohomology of the complexes k (A) (resp. k (B)) defined above. Then, we have the following: 
It is clear that the above relation says nothing if k = n. But, for 0 ≤ k < n we have d 1 = 0, d 2 = 0 and 2 = d 3 . Therefore,
4. First, observe that any element of n−1 (B) is a sum of elements of the form:
We show thatφ
))) = 0 and the proof is complete.
Remark 2.7
In Example 1.1(1), ϕ is the map appearing in [8] and in Example 1.1(2), ϕ(a) = S n aω n , for a ∈ A, where ω n is the volume n-form. Also, in both cases, it is well known that H k (A) = 0 for any k > 0 (see [1] for the case of polynomial algebra), and the elements of the form
generate the kernel of ϕ. Instead in Example 1.1(3) is not true that H k (A) = 0 for k > 0. For instance for F not containing the square root of
We say that B( p) is the Brouwer degree of p.
for the set N of natural numbers then S n (C), i.e., p can be thought as a map U → P n (C), where P n (C) is the set of polynomial maps of S n (C) to itself.
Thus, B( p) is now a rational function of t and we have B( p)(t) = B( p(t)).
Finally, since B( p) : U → C is continuous and takes values on Z, it is constant and so B( p) is an integer.
Example 2.9 1. For a field F, consider the ring F[i] with i 2 = −1. Next, let p :
where k is a natural number and polynomials p k , q k are given by the formula
kω n if n is odd, ω n if n is even and k is odd, 0 if n is even and k is even.
Therefore B( p) = k if n is odd, B( p) = 1 if n is even and k odd, and B( p) = 0 if both n and k are even.
2. This example is taken from [3, p. 64 ]. First, notice that i ∈ F implies F[i] = F(i), the field extension of F. For F of characteristic different from two and n = 2m + 1, define polynomial maps p :
Next, consider a polynomial mapp :
for (r 0 , . . . , r 2m+1 , r 2m+2 ) ∈ S n+1 (F(i)), where r = (r 0 , . . . , r n ), A k ∈ Q[X ] is the polynomial of algebraic degree k − 1 given by
Then one getsp * (ω n+1 ) ∼ kω n+1 and so B(p) = k.
Remark 2.10 (a) B : P n (F) → Z is surjective for any field F and odd n, see [4] or [10] for explicit constructions. (b) The image of B : P n (F) → Z contains all odd integers if F contains the field of real algebraic numbers R alg and even n, see [4] .
Hopf degree of polynomial maps
Let q :
Define then H (q) ∈ F by the formula
By using again Theorem 2.6 it is clear the definition of H (q) is correct.
If n is even and we use standard de Rham cohomology, the Hopf invariant h(g) of a smooth map g : S 2n−1 → S n (see e.g., [6, p. 229] ) is given by
because we have to replace the volume form ω n by the orientation form α n = ω n vol(S n ) whose integral over the sphere is one. Therefore,
for n = 2m. We use now the previous formula for defining the Hopf invariant h(q) of any polynomial map q : S 2n−1 (F) → S n (F) for n even. This could be done because vol
is then a rational number. Of course, we know that for F being the real or complex field, H (q) = 0 for odd n and the Hopf invariant h(q) is an integer for even n. Then, by using the same method of proof as that of Theorem 2.8, we have the following: Theorem 3.1 For a field F of characteristic zero and any even n, the Hopf degree h(q) of any polynomial map q : S 2n−1 (F) → S n (F) is an integer. Example 3.2 We mimic the Hopf maps S 3 −→ S 2 , S 7 −→ S 4 and S 15 −→ S 8 to analyse the following polynomial maps.
1. Let q :
A straightforward calculation gives
and
Therefore, we have
Thus H (q) = 8 and so h(q) = 1 as expected. 2. Consider the non-commutative and unitary ring F{i, j, k} with i 2 = j 2 = k 2 = −1, i j = k, jk = i, ki = j. Given s = x 0 + i x 1 + j x 2 + kx 3 ∈ F{i, j, k}, we write |s| 2 = x 2 0 + x 2 1 + x 2 2 + x 2 3 ands = x 0 − i x 1 − j x 2 − kx 3 70 and so h(q) = 1.
We close the paper with:
Remark 3.3 Observe that proofs of Theorems 2.8 and 3.1 use topology. It would be interesting having algebraic ones.
